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Abstract –The implications of the SU(2) gauge fixing associated with the choice of invariant
triads in Loop Quantum Cosmology are discussed for a Bianchi I model. In particular, via the
analysis of Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of
Loop Quantum Gravity if paths are parallel to fiducial vectors only. This way the quantization
procedure for the Bianchi I model is performed by applying the techniques developed in Loop
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained
by the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies
homogeneity on a quantum level. The resulting picture for the fundamental spatial manifold
is that of a cubical knot with attached SU(2) irreducible representations. The discretization of
geometric operators is outlined and a new perspective for the super-Hamiltonian regularization in
Loop Quantum Cosmology is proposed.
INTRODUCTION. – Loop Quantum Gravity
(LQG) [1–3] looks the most promising approach to the
quantization of the gravitational field and it stems from
rewriting General Relativity as a gauge theory of the
SU(2) group through the so-called Ashtekar-Barbero vari-
ables [4]. The quantum theory is defined in order to pre-
serve background independence like in the classical the-
ory. The most outstanding results are discrete spectra for
geometric quantum operators in the kinematical Hilbert
space, leading to a granular structure of the space-time
at the Planck scale [5, 6]. Despite these results there are
several technical difficulties in studying the dynamics and
two main approaches have been developed in this sense:
the Master Constraint Program [7] and Spinfoam models
[8].
The investigation of LQG becomes easier by consider-
ing those cases in which the presence of proper symmetries
simplifies the whole formulation. This is the case of Loop
Quantum Cosmology (LQC) [9], where the techniques de-
veloped in LQG are applied to a homogeneous and, even,
isotropic space. It has been shown that LQC models are
free from the cosmological singularity [10, 11], while re-
cently the phenomenological implications on the spectrum
of the cosmic microwave background radiation have been
discussed [12, 13].
However, LQC does not represent the cosmological sec-
tor of LQG. For instance, the spectra of geometric opera-
tors in the kinematical Hilbert space of LQC is continuous
and it becomes discrete only after the regularization of the
Super-Hamiltonian operator. Such a regularization proce-
dure involves the introduction of a discrete parameter µ¯,
whose value is chosen in order to get the same minimum
area eigenvalue as in LQG [14]. The whole information
about the quantum space-time structure is thus contained
into the fundamental length µ¯ and its value determines
the physical properties of the scenario replacing the initial
singularity.
In order to give a theoretical explanation for µ¯, the foun-
dation of LQC has been analyzed in [15, 16], by retain-
ing the SU(2) gauge structure in a cosmological frame-
work. Geometric operators spectra were discrete, while
the proper classical limit for the super-Hamiltonian was
inferred if µ¯3 coincided with the total number of verticies
of the quantum graph underlying the continuous spatial
picture. However, such a value for µ¯ did not provide a
viable phenomenological scenario for the early Universe
dynamics in the presence of a clock-like scalar field.
Therefore, a deeper investigation on the relationship be-
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tween LQC and LQG has started in [17] for a Friedmann-
Robertson-Walker (FRW) space-time. In that paper, the
implications of the SU(2) gauge fixing associated with the
restriction to invariant triads have been analyzed in de-
tails, by determining the associated Dirac brackets. The
requirement to preserve the holonomy-flux algebra of the
full theory led to choose a suitable class of restricted paths.
Furthermore, reduced variables retained a local character
and this feature implied that a subgroup of the diffeo-
morphisms group was preserved as gauge symmetry. The
imposition of such a gauge invariance has been done via
standard LQG techniques and it provided the implemen-
tation of homogeneity and isotropy on a quantum level.
In this work we consider the homogeneous Bianchi I cos-
mological model. In particular, we will adopt the configu-
ration space of LQG and we will analyze the implications
of the SU(2) gauge-fixing leading to invariant triads. We
will see how in order to preserve the holonomy-flux alge-
bra of the full theory, the reduction to suitable paths must
be implemented. Henceforth, the quantization techniques
proper of LQG can be applied by considering such reduced
paths only. Then, reduced diffeomorphisms will coincide
with translations along some fiducial directions and the
associated gauge invariance will imply homogeneity on a
quantum level. Hence, we will outline how the action of
reduced fluxes on functionals defined over reduced graphs
will give geometric operators with discrete spectra. Such
a discretization will emerge because of the compactness of
the gauge group, but the obtained spectrum will be differ-
ent from the one of LQG. As a consequence, the regulariza-
tion of the Super-Hamiltonian constraint adopted in LQC
will be questioned. Thereby, a regularization procedure
will be discussed in which the parameter µ¯ is related with
the number of vertices of the fundamental graph structure
underlying the spatial manifold.
LOOP QUANTUM GRAVITY. – In the Holst
formulation for gravity phase space can be described via
(Aia, E
b
j ), where the former are the Ashtekar-Barbero con-
nections and the latter are their conjugates momenta, the
densitized triads. In terms of these variables the the-
ory has the structure of a SU(2) gauge theory. A non-
distributional Poisson algebra can be defined by consid-
ering smeared quantities, such as the holonomies of the
connections along a path Γ(s) and the fluxes of the triads
across a surface S with normal na, whose algebra reads
(in units 8πG = ~ = c = 1)
[Ei(S), hΓ]PB =
=
{
−iγ∑A oΓ,S(sA)h0,sAΓ τihsA,1Γ Γ ∩ S = {Γi(sA)},
0 otherwise
,
(1)
where
oΓ,S(sA) =
na(sA)
dΓa
ds |sA∣∣∣nb(sA)dΓbds |sA ∣∣∣ . (2)
γ being the Immirzi parameter, while τi denote the Her-
mitian SU(2) generators.
The quantum configuration space is defined as the set
of the distributional connections X¯, i.e. the set of all
the homomorphism between the set of all smooth piece-
wise analytic paths of the spatial manifold and the SU(2)
group. This space can be built via the projective limit for
the space of general homomorphism Xl(Γ) from a generic
path Γ to the gauge group. The paths Γ are just labels and
a crucial property is that they form a partially ordered set.
One can then demonstrate that X¯ is a compact Hausdorff
space in the Tychonov topology, such that starting from
the SU(2) Haar measure a Borel measure dµ for X¯ can
be given. The kinematical Hilbert space for the model is
L2(X¯, dµ), i.e. the space of square integrable functions
over X¯ with respect to the measure dµ. A self-adjoint
operator corresponding to Eai (x) can be defined via the
holonomy-flux algebra (1) [18]. The states for the theory
are invariant spin-networks. This way, the quantum space
is endowed with a combinatorial structure, given by the
edges and the vertices of the fundamental paths underly-
ing the continuous picture. This structure, together with
the compactness of the gauge group, is responsible for the
discreteness of the geometric operators spectra [5, 6].
LOOP QUANTUM COSMOLOGY. –
Anisotropic models are expected to be relevant in
the early phase of the Universe, approaching the cos-
mological singularity [19]. The Bianchi I model is the
simplest homogeneous and anisotropic model and it
describes a space with a null 3-curvature whose metric
is invariant under translations along the three spatial
directions in Cartesian coordinates. The line element of
the model is described by three dynamic variables, which
coincide with the three scale factors aa, i.e.
ds2 = −dt2 + a21(t)dx21 + a22(t)dx22 + a23(t)dx23. (3)
We define also the fiducial metric 0hab as the time-
independent part of the spatial metric, whose line element
is
0ds2 = dx21 + dx
2
2 + dx
2
3. (4)
By exploiting the symmetries of the model, one can de-
fine invariant connections [20] and the densitized triads
as
Aia = c
i0eia, E
a
i = pi
0e0eai , (5)
where pi = |ǫijkajak| sign(ai) and ci = γa˙i, while 0eai and
0eia denote the fiducial 1-forms and vectors, respectively,
and 0e = det(0eia). The reduced phase space is then de-
scribed by the conjugate variables (ci, pj), while the super-
momentum and the Gauss constraint vanish identically.
Holonomies can be defined along straight paths parallel
to the fiducial triad 0eia and they read (the index i is not
summed)
hi = exp(iµic
iτi), (6)
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where µi is the edge length along the direction
0eia. The
Poisson brackets turn out to be
[pi, hj ]PB = −iγµb
V0
hjτjδij , (7)
V0 being the volume in the fiducial metric. The configura-
tion space of LQC is parametrized by the matrix elements
of the holonomies’ tensor product h1⊗ h2 ⊗ h3, which are
given by the quasi-periodic functions
N~µ = Nµ1Nµ2Nµ3 = exp
[
i
2
(
µ1c
1 + µ2c
2 + µ3c
3
)]
. (8)
The Poisson brackets [pa, N~µ]PB plays for LQC the same
role as the holonomy-flux algebra for LQG and the space
of distributional connections is the Bohr compactification
of the real line RBohr for each direction [21–23]. The
kinematical Hilbert space is H = L2(R3Bohr, d~µ) whose
scalar product can be inferred from 〈N~µ|N~µ′〉 = δ~µ~µ′ =
δµ
1
µ′
1
δµ
2
µ′
2
δµ
3
µ′
3
. One can also define self-adjoint momen-
tum operators from the Poisson brackets (7), and they act
on quasi-periodic functions as follows
pˆiN~µ =
γµi
V0
N~µ. (9)
The expression for the Super-Hamiltonian of the model in
a proper factor ordering [21] reads
H = −V0
γ2
[
pˆ1pˆ2√
pˆ1pˆ2pˆ3
ˆsin(µ¯1c
1) ˆsin(µ¯2c
2)
µ¯1µ¯2
+
+
pˆ1pˆ3√
pˆ1pˆ2pˆ3
ˆsin(µ¯1c
1) ˆsin(µ¯3c
3)
µ¯1µ¯3
+
+
pˆ2pˆ3√
pˆ1pˆ2pˆ3
ˆsin(µ¯2c
2) ˆsin(µ¯3c
3)
µ¯2µ¯3
]
. (10)
µ¯i for (i = 1, 2, 3) in the expression above denote the
lengths of the edges along which holonomies are evaluated
and they play the role of regulators in the definition of
the quantum Super-Hamiltonian. However, µ¯i cannot be
removed because the limit for µ¯i → 0 of H does not exist.
Hence, H is evaluated at a fixed value for µ¯i. This value
has been chosen in [21] such that the area operator in LQC
along each direction (whose definition involves pˆi) has the
same minimum eigenvalue as the area operator in LQG
(see also [22] where a different prescription is adopted for
µ¯i). At the end along each direction the initial singularity
is avoided as in the isotropic case.
GAUGE-FIXED LOOP QUANTUM GRAV-
ITY. – On a classical level, we are free to rotate the
triads without changing the physical results of the theory
because of SU(2) gauge invariance. Hence, the restriction
to invariant connections and triads (5) is actually a gauge-
fixing of the SU(2) symmetry. In particular, the generic
expression for Eai can be obtained from (5) by a rotation,
i.e.
Eai =
∑
j
pjΛ
j
i
0eaj , (11)
Λji being a generic SO(3) matrix, which is arbitrary as soon
as gauge invariance is preserved. The condition Λji = δ
j
i
is fixed by
χi = ǫ
k
ij
0ejaE
a
k = 0. (12)
Indeed, the relation above is solved by
Eai = pi(x, t)
0eai , (13)
where we have three different pi which are functions of
all space-time variables. The condition (12) completely
fixes SU(2) gauge freedom. This can be seen computing
the Poisson brackets between χi and the Gauss constraint,
i.e.
Gi = ∂aE
a
i + γǫij
kAjaE
a
k , (14)
which provide the following non-degenerate result
[Gi(x), χj(y)]PB ≈ −γ0eδij(p1 + p2 + p3 − pb)δ(3)(x− y).
(15)
When the gauge conditions (12) is fixed the set of con-
straints becomes second class. The quantization of such
a system can be done by working in reduced phase space
(this is what generally is done in LQC) or by describing
the constrain surface with the unreduced variables using
the Dirac brackets instead of Poisson ones. In this work
we follow the second way to infer the proper correspon-
dence between reduced and unreduced coordinates. The
Dirac brackets between the connections read[
Aia(x), A
j
b(y)
]
DB
=
(
K
(
Aib(x)
0Eja(y)+
−0Eib(x)Aja(y) + 2δijδkl0Ek[b(y)Ala](x)
)
+ (Ki+
+Kj)
(
0Eib(x)A
j
a(y)−Aib(x)0Eja(y)
)
+ 2 (Ki+
+Kk) δ
ijδkl
0Ek[a(y)A
l
b](x)
)
δ(3) (x− y)− ǫ
ij
k
γ
(Ki+
+Kj)
(
0Ekb (x)
∂δ(3)(x− y)
∂ya
+ 0Eka (y)
∂δ(3)(x− y)
∂xb
)
,
(16)
where
Ki =
1
p1 + p2 + p3 − pi , K =
3∑
i=1
Ki. (17)
We can see from (16) that, after the gauge-fixing, the con-
nections do not commute because their components are
not all independent. The remaining brackets are[
Aia(x), E
b
j (y)
]
DB
=
(
δijδ
b
a +K
(
0Eaj(y)E
bi(x)+
−δij0Ema (y)Ebm(x)
)− (Ki +Kj) 0Eaj(y)Ebi(x)+
+δij(Kj +Km)
0Ema (y)E
b
m(x)
)
δ(3) (x− y) , (18)
[
Eai (x), E
b
j (y)
]
DB
= 0. (19)
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We can select the following independent components of
the connections on the constraint hypersurfaces
c1 = A1a
0ea1 , c
2 = A2a
0ea2, c
3 = A3a
0ea3 , (20)
which coincide with reduced variables. Their Dirac
brackets are given by[
ci(x, t), cj(y, t)
]
DB
= 0, (21)[
ci(x, t), Ebj (y)
]
DB
= 0ebj(y)δ
i
jδ
(3)(x − y). (22)
We can rewrite a generic holonomy by using the relations
(20) as
hΓ = e
i
∫
Γ
Aia
dΓ
a
ds
dsτi = ei
∑
3
i=1
∫
Γ
ci(x(s))0eia
dΓ
a
ds
dsτi , (23)
and we can infer the action of the unreduced momenta
after the gauge-fixing through (22). The holonomy-flux
algebra after the gauge-fixing is
[Ei(S), hΓ]DB =
=

−iγ∑A o˜Γ,Si (sA)h0,sAΓ τihsA,1Γ Γ ∩ S = {Γa(sA)},∫
CihΓ(0, s)τihΓ(s, 1)ds Γ ⊂ S,
0 otherwise
,
(24)
where
o˜Γ,Si (sA) =
na(sA)
0eai (sA)(dΓ
b/ds)|sA0eib(sA)
|nc(sA)(dΓc/ds)|sA |
, (25)
while Ci is a factor, which would need to be regularized.
The index i in the expression (25) is not summed. In what
follows, repeated gauge indexes will not be summed unless
explicitly mentioned.
The expression (24) gives the holonomy-flux algebra as
soon as the gauge-fixing condition (12) holds. In this
case it is not possible to represent the action of fluxes
in terms of left-invariant vector fields as in LQG. Further-
more, there is also a diverging contribution in the case
when Γ belongs to S.
These problems can be avoided if we choose to consider,
among all the possible paths, only those ones Γi tangent
to fiducial vectors, i.e. d(Γ
i)a
ds ∝ 0eai . We denote this paths
as reduced paths. When holonomies are evaluated on re-
duced paths, the factor o˜Γ,Si (sA) is equal to the expression
(2) and the divergent term that appears when Γ ⊂ S is
tamed because Ci = 0. In other words, the holonomy-flux
algebra after the gauge-fixing is still the one of the LQG if
we consider only the holonomies associated with the paths
parallel to the fiducial vectors, so we are forcing to choose
only the following three classes of holonomies
hΓi = e
i
∫
Γi
ci(s)dsτi , (26)
The restriction to reduced paths is a standard tool in
LQC. Here, we can motivate this choice with the require-
ment to reproduce the holonomy-flux algebra of LQG,
which will allow us to define the action of variables as-
sociated with fluxes as essentially self-adjoint operators.
Let us now defined the quantum configuration space as-
sociated with holonomies along reduced paths. The main
point is that reduced paths still form a partially ordered
set. Hence, the definition of the space of reduced distri-
butional connections X¯C for the Bianchi I model can be
performed as in LQG. X¯C, as X¯, is a compact Hausdorff
space and we can define on it the Ashtekar-Lewandowski
measure. One can introduce the kinematical Hilbert space
L2(X¯C, dµ) and basis vector on this space are invariant
spin networks defined on the reduced paths. Therefore,
the quantum spatial manifold underlying the Bianchi I
model takes the form of a graph with cubic topology.
Proper essentially self-adjoint flux operators are inferred
from (24) and they act as follows
Eˆi(S)hΓj =
=
{
γ
∑
A δ
j
i o
Γj ,S(sA)h
0,sA
Γj τih
sA,1
Γj Γ
j ∩ S = {(Γj)b(sA)} ,
0 otherwise
(27)
The relations above demonstrate that the flux operators
associated with Eai are oriented along the fiducial vectors.
Only by taking properly into account the gauge-fixing (12)
the resulting quantum geometric structure reflects the one
proper of fiducial vectors. When the flux operator is well-
defined, we can introduce the area operator for a surface
Sj, whose normal coincide with
0eja and which intersects
Γi in sA. This operator needs to be regularized as in [5]
and the final expression reads
Aˆ[Sj ]hΓi = δ
i
j |γ|
∑
A
na(sA)
0Eai (sA)hΓi |τi|. (28)
To build up the space of the diffeomorphisms invariant
states the action of the corresponding constraints must
be discussed. In fact, the gauge condition (12) imposes
the restriction Eai = pi(x, t)
0eai and A
i
a = c
i(x, t)0eia, for
which the supermomentum does not identically vanish.
This is the case because the reduced variables ca, pb retain
a dependence on spatial coordinates. Hence, on a quantum
level some restrictions have to be imposed in order to find
out the physical Hilbert space. In this respect let us now
consider the generator of 3-diffeomorphisms, i.e.
D[~ξ] =
∑
i
∫
[ξaEbi ∂aA
i
b − ξa∂b(AiaEbi )]d3x, (29)
ξa being arbitrary parameters, whose action in reduced
phase-space reads
[D[~ξ], cj(x)]DB = [ξ
a∂ac
j + cj0eja
0ebj∂bξ
a]|x. (30)
The induced finite transformation on reduced
holonomies is given by
[D[~ξ], hΓi ]DB = hφ(Γi) − hΓi , (31)
p-4
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where the path φ(Γi) is obtained from Γi by the trans-
lation xi → xi − ξa0eia, xi being the coordinate along 0eia,
i.e. xi = xa0eia. Henceforth, the full 3-diffeomorphisms in-
variance reduces to the invariance under translations along
fiducial vectors.
Translational invariant states can be defined as in [17]
by working with reduced knots, i.e. knot classes built as
equivalence classes of reduced paths under translations.
The resulting spatial manifold exhibits a fundamental ho-
mogeneity along each direction. This is due to the fact
that the whole diffeomorphisms group has been reduced to
the invariance under translations along each fiducial direc-
tion. The description of a cosmological space in terms of
a knot with cubic topology and a fixed quantum state at-
tached to each edge will allow us to discuss a self-consistent
cosmological implementation of LQG and to investigate
the foundation of LQC.
LQC OPERATORS. – In this paragraph we dis-
cuss the link existing between reduced variables and the
operators of LQC.
Let us now consider reduced holonomies (6) and fluxes
across the surfaces Si, i.e.
Ei(Si) = pi∆i, ∆i =
∫
Si
0e0eai nadudv =
∫
Si
0edudv,
(32)
where ∆i is the measure of the surface Si in the fiducial
metric. From the relation (27), the action of momenta
operators on reduced holonomies is given by
Eˆi(Si)hj = γhjτjδ
i
j sign(∆iµj). (33)
The relations (32), (33) and (9) are consistent if
|∆iµi| = V0. (34)
The condition (34) fixes a fundamental duality between
the length of edges along which holonomies are evaluated
and the area of those surfaces across which fluxes are de-
fined. The elements of LQC Hilbert space can be inferred
by a tracing over the SU(2) group indexes, i.e.
Trhi =
ji−θ∑
n=0
cos(µic
i(n+ θ)) + (1− 2θ). (35)
where ji is the spin quantum number of the SU(2) repre-
sentation labeling the edge ei, while θ is equal to 1/2 and
0 for ji half-integer and integer, respectively.
As for the mapping of momenta operators, one finds
TrE1(S1)h1 ⊗ h2 ⊗ h3 = 2|∆1|pˆ1
j1−θ∑
n=0
cos(µ1c
1(n+ θ))+
+ (1− 2θ)⊗ h2 ⊗ h3 =
(
γ Tr
(
h1
j1τ1
))⊗ h2 ⊗ h3 =
=
(
γ
j1−θ∑
n=0
i2(n+ θ) sin(µ1c
1(n+ θ))
)
⊗ h2 ⊗ h3, (36)
From the relations (36) and (34), we obtain that in the
space of quasi-periodic functions pˆi is a derivative operator
whose action reads for i = 1
pˆ1
(
eiµ˜1c
1 ⊗ eiµ˜2c2 ⊗ eiµ˜3c3
)
= pˆ1e
i~˜µ·~c =
γ
V0
µ˜1e
i~˜µ·~c, (37)
with µ˜i = miµi, mi being the magnetic spin quantum
number. Now is possible to define a regularized area op-
erator with a discrete spectrum in the kinematical Hilbert
space because
Aˆ[S1]e
i~˜µ·~c =
√
∆21pˆ
2
1e
i~˜µ·~c = γ
∣∣∣∣ µ˜1µ1
∣∣∣∣ ei~˜µ·~c = γ|m1|ei~˜µ·~c.
(38)
The spectrum of the area operator is determined by
magnetic quantum numbers mi only, thus it is discrete in
view of the gauge group compactness. Indeed, the spec-
trum does not coincide with one of LQG. Therefore, the
procedure adopted in LQC to infer the polymer-like µ¯i
(see for example [24]) cannot be justified, because the
spectrum of the area operator does not contain any de-
pendence from µi. The existence of a minimum value for
µi is thus not a consequence of the kinematical properties
of geometric operators in LQG. This shortcoming leaves
open the question about the proper implementation of the
dynamic. The Super-Hamiltonian in LQG is [25]
H = − 2
γ3
∑
v
Hv, (39)
where the sum is extended over all vertices of the graph
on which the Super-Hamiltoniana acts and Hv has the
following form
Hv = −ǫijk Tr
[
h(sij)h(sk)
[
V, h−1(sk)
]]
. (40)
sij denotes the rectangle having v as one of its vertices
and whose sides are contained into the edges emanating
from v along the i and j directions (the use of rectangu-
lar instead of triangular loops allows to have a consistent
regularization procedure after the restriction to reduced
paths (6)). sk is merely an edge along the k direction. All
holonomies in the expression (40) are in the fundamen-
tal representation and V is the volume operator in the
full space. The restriction to Bianchi I model gives the
following volume operator
V = V0pˆ
1
2
1 pˆ
1
2
2 pˆ
1
2
3 , (41)
such that the commutator inside the expression (40)
acts on h1 as
V0
[
pˆ
1
2
1 pˆ
1
2
2 pˆ
1
2
3 , h1
]
h1 = γµ¯1
pˆ2pˆ3√
pˆ1pˆ2pˆ3
1
2τ1h1. (42)
The factor µ¯1 represents the value of µ1 at which the
regularization of the Super-Hamiltonian takes place. As-
suming that each vertex gives the same contribution we
p-5
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obtain for the Super-Hamiltonian
H = −Nv
γ2
[
µ¯1µ¯2µ¯3
µ¯1µ¯2
pˆ1pˆ2√
pˆ1pˆ2pˆ3
ˆsin(µ¯1c
1) ˆsin(µ¯2c
2)+
+
µ¯1µ¯2µ¯3
µ¯1µ¯3
pˆ1pˆ3√
pˆ1pˆ2pˆ3
ˆsin(µ¯1c
1) ˆsin(µ¯3c
3) +
+
µ¯1µ¯2µ¯3
µ¯2µ¯3
pˆ2pˆ3√
pˆ1pˆ2pˆ3
ˆsin(µ¯2c
2) ˆsin(µ¯3c
3)
]
, (43)
Nv being the total number of vertices. We can obtain
from (43) the Super-Hamiltonian (10) (which reproduces
the proper classical limit [21]) by fixing
µ¯1µ¯2µ¯3 =
V0
Nv
. (44)
Therefore, as in the case of homogeneous and isotropic
model [15,16], µ¯i is determined by the total number of ver-
tices of the graph underlying the continuous spatial struc-
ture.
CONCLUSIONS. – In this work, the foundation of
LQC has been discussed investigating, in particular, the
implications of the SU(2) gauge fixing by which the in-
variant triads of a Bianchi I model could be chosen in
LQG phase space. We inferred the expression of the Dirac
brackets, through which we could analyze the holonomy-
flux algebra after the gauge fixing. We found that such
an algebra coincided with the one of LQG for holonomies
whose edges were along fiducial vectors only. Therefore,
by restricting admissible paths it was possible to apply
LQG quantization procedure to define the kinematical
Hilbert space of the Bianchi I model. Henceforth, we in-
ferred a fundamental combinatorial description of such an
anisotropic cosmological model in terms of paths with a
cubic topology. Furthermore, the presence of a relic dif-
feomorphisms symmetry in reduced phase space (associ-
ated with translations along fiducial vectors) could be im-
plemented by defining physical states over reduced knots.
This procedure allowed us to implement homogeneity on
a quantum level, thus extending to the Bianchi I case the
result obtained for the isotropic model in [17], i.e. the
description of an homogeneous space-time in terms of a
fundamental cubic and homogeneous knot-classes. This
issues constitutes the main result of this analysis, because
it opens up the possibility to discuss the dynamics of min-
isuperspace models by applying directly Thiemann’s reg-
ularization procedure [25] for the super-Hamiltonian op-
erator.
Then, we discussed the relationship of our reduced vari-
ables with LQC ones. In particular, we could establish
a map between LQG and LQC Hilbert spaces through
the trace over SU(2) indexes. Moreover, the consistency
between the self-adjoint momenta operators in the two
formulations required to fix a duality relation between the
length of edges along which holonomies were evaluated and
the area of surfaces across which fluxes were defined. As a
consequence, the area operator retains a discrete spectrum
and it does not depend on the length of edges. This point
conflicts with the regularization procedure of the super-
Hamiltonian adopted in LQC. Nevertheless, we empha-
sized how in order to reproduce the proper semi-classical
limit, the parameters µ¯i at which the super-Hamiltonian
had to be evaluated should be related with the total num-
ber of vertices of the fundamental cubic path underlying
the continuous spatial picture.
This result outlines how the proposed analysis on the
cosmological sector of LQG can help in understanding the
origin of the parameters µ¯i which enters the regularization
of the super-Hamiltonian operator in LQC.
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